Abstract: In this paper, we prove that there does not exist a subgroup H of a finite group G such that the number of isomorphism classes of right transversals of H in G is two.
Introduction and statement of the main result
Transversals in groups are important as they determine the embeddings of subgroups in groups. Whenever we make our study of extension of groups independent of transversals, we enter into obstructions and indeterminacies. This prompts us to study transversals individually and abstractly see Lal (1996a) , Lal (1996b) , Lal and Shukla (1996) , Shukla (1995) . Transversals in topological groups have been discussed in Lal and Shukla (2005) . Let H be a subgroup of a group G and S be a right transversal of H in G, that is the set S is obtained by selecting one and only one element from each right coset of H in G and 1 ∈ S. Then S is a right quasigroup with identity with respect to the operation • on S defined by {x • y} = Hxy ∩ S. Conversely, every right quasigroup with identity can be embedded as a right transversal in a group with some universal property (Lal, 1996a, Theorem 3.4) . Let S denote the subgroup of G generated by S and let H S denote the subgroup S ∩ H. Then H S = {xy(xoy) −1 : x, y ∈ S} , and H S S = S , where • is defined as above. Identifying S with the set H\G of right cosets of H in G, we obtain a permutation representation χ S : G → Sym(S) ({χ S (g)(x)} = S ∩ Hxg, g ∈ G, x ∈ S and we adopt the convention that (r.s)(x) = s(r(x)), r, s ∈ Sym(S) and x ∈ S). Let G S = χ S (H S ). Then G S depends only on the right quasigroup structure • on S and not on the subgroup H see Lal (1996a) . This group is called the group torsion of the right quasigroup (S, •) (Lal, 1996a, Definition 3.1) . It is easy to observe that χ S is injective on S and if we identify S with χ S (S), then χ S ( S ) = G S S which also depends only on the right quasigroup S and in which S is a right transversal of G S . Further, one observes that
the core of H S in S , (for details see Lal, 1996a, Proposition 3.10) . Thus if
is a group if and only if G S is trivial and H is normal if and only if all right transversals of H in G are groups. Thus if H is normal in G, then the group torsions of all right transversals of H in G are isomorphic. The converse of this statement is not true. For example, if H is a subgroup of order 2 of a non-abelian finite simple group G, then one observes that the group torsion of every right transversal of H in G is isomorphic to H. Let T (G, H) denote the set of all right transversals of H in G. We say that S, T ∈ T (G, H) are isomorphic if their induced right quasigroup structures are isomorphic. Let I(G, H) be the set of isomorphism classes of right transversals of H in G. Then in Lal and Shukla (1996) it is proved that if G is finite and if |I(G, H)| = 1, then H G. It is easy to observe that if the index [G : H] of H in G is 3, then either |I(G, H)| = 1 or |I(G, H)| = 3. Also, it is known (see Shukla, 1995, Theorem 3.7 and Proposition 3.8) that if T n = the number of non-isomorphic right quasigroups of order n, then |I(S n , S n−1 )| = T n and if there is any pair (G, H) such that [G : H] = n and |I(G, H)| = T n , then there exists a unique surjective homomorphism ψ : G → S n such that ψ(H) = S n−1 and ψ −1 (S n−1 ) = H. It seems an interesting problem to classify the types of subgroups by the number of isomorphism classes of their right transversals. Our main result of this paper is the following theorem. Theorem : There does not exist a pair (G, H) such that |I(G, H)| = 2, where H is a proper subgroup of a finite group G.
We prove the Theorem by the method of contradiction. Assuming that the result is false, we consider a minimal counter example, namely a pair (G, H), where H is a subgroup of a finite group G and the order of G is least. Studying some properties of a minimal counter example (G, H), we reduce the case to the case of a simple group. Then we use the knowledge of the order of AutG, the automorphism group of G, to derive a contradiction.
Properties of a minimal counter example
As indicated in the introduction, the proof of the Theorem is by the method of contradiction. Supposing that the result is not true, we can find a pair (G, H) with G finite such that (i) |I(G, H)| = 2 and (ii) |G| is minimal. Such a pair (G, H) will be called a minimal counter example. This section is devoted to the study of the properties of a minimal counter example.
Proposition 2.1. Let (G, H) be a minimal counter example. Then there exists S ∈ T (G, H) such that S = G. Also, for any S ∈ T (G, H) such that S = G, there exists an isomorphism from G to G S S which maps H to G S and fixes S elementwise. In particular, the action of H on S is faithful, that is Core G H, the core of H in G is trivial.
Proof. Suppose that |I( S , H S )| = 1 for all S ∈ T (G, H). By the Main Theorem of Lal and Shukla (1996) , H S S , that is G S = {1} for all S ∈ T (G, H) (Lal, 1996a, Corollary 3.11) . By Lal (1996a, Corollary 3.3) , H G, which is a contradiction. Thus there exists S ∈ T (G, H) such that
where ν is the quotient map from G → G/N, is a surjective map from T (G, H) to T (G/N, H/N) such that the corresponding right transversals are isomorphic. So |I(G/N, H/N)| = 2. This contradicts the minimality of the pair (G, H). H) is a minimal counter example. Therefore by the Main Theorem of Lal and Shukla (1996) 
An equivalence relation on a right quasigroup S with identity is called a congruence if it is a sub right quasigroup of S × S. We recall Shukla (1995, Definition 2.8) that an invariant sub right quasigroup of a right quasigroup S with identity is precisely the equivalence class of the identity of a congruence on S. A right quasigroup with identity is called simple if it has no non-trivial proper invariant sub right quasigroup.
Proof. Suppose that S is not simple. Let T be a non-trivial proper invariant sub right quasigroup of S. Then the quotient map ν : S → S/T induces a surjective homomorphismν : G S S → G S/T S/T such thatν(G S ) = G S/T andν(S) = S/T (see the discussion following Shukla (1995, Lemma 2.5). Since a right transversal of G S/T in G S/T S/T is the image underν of a right transversal of G S in G S S, |I(G S/T S/T, G S/T )| ≤ 2. Further, since |G S/T S/T | < |G|, by minimality of the pair (G, H), |I(G S/T S/T, G S/T )| = 1. Hence by the Main Theorem of Lal and Shukla (1996) 
This contradicts Proposition 2.1. Let (G, H) be a minimal counter example. Let Aut H G denote the subgroup of AutG consisting of those automorphisms of G which take H onto H.
Proposition 2.4. Let (G, H) be a minimal counter example. Let S ∈ T (G, H) such that H S = H. Then Aut H G acts transitively on the set A = {T ∈ T (G, H) such that T ∼ = S}.
Proof. Follows from Lal and Shukla (1996, Proposition 2.7).

Proof of the Theorem
In this section, we reduce the case to the case of a simple group and then we use the knowledge of the order of automorphism group of a simple group to prove the Theorem.
and T is an invariant sub right quasigroup of S 1 (Shukla, 1995, Proposition 2.10). Since T is a non-trivial proper invariant sub right quasigroup of S 1 , H S 1 = {1} (Proposition 2.3 and Corollary 2.2). This implies S 1 is a group and T is a normal subgroup of S 1 . Therefore L ∼ = S 1 /T is also group for all L ∈ T (G, HN) . This implies HN G (Lal, 1996a , Corollary 3.3). Let S ∈ T (G, H) such that S = G (Proposition 2.1). Then S is simple (Proposition 2.3). Now HN ⊳ G, S ∩ HN is an invariant sub right quasigroup of S as it is the kernel of the right quasigroup homomorphism x → xHN from S to G/HN. Since S is simple and S ∩ HN is non-trivial (for H ⋪ G), S ⊆ HN. This implies HN = G (for S = G). Thus S 1 = T and so T (N, N ∩ H) ⊆ T (G, H), in particular |I(N, N ∩ H)| ≤ 2. Since |N| < |G| and (G, H) is a minimal counter example, N ∩ H N and so it is normal in HN = G. Further, since Core G H = {1} (Proposition 2.1), N ∩ H = {1}. This completes the proof. Proof. Suppose that G is decomposable. Then there exist non-trivial proper normal subgroups G 1 and G 2 of G such that G = G 1 .G 2 and G 1 ∩ G 2 = {1}. By Proposition 3.1, G 1 , G 2 ∈ T (G, H) , in particular H ∩ G i = {1}, i = 1, 2. This implies the restriction π i | H of the projection
Let o denote the induced right quasigroup structure on T (see the introduction). Let g 1 , g 2 ∈ T and
commute and σ is a homomorphism) and σ is one-one, σ(
Proof. Since G is indecomposable (Proposition 3.2), it is sufficient to show that G is characteristically simple (Robinson, 1996) . Suppose that G is not characteristically simple. Let N be a non-trivial proper characteristic subgroup of G. Then N ∈ T (G, H) (Proposition 3.1). Let H = {1, h 1 , h 2 , . . . , h m−1 } and N = {1, x 1 , x 2 , . . . , x n−1 }, where m = |H| and n = [G : H] = |N|. Since H is not normal in G, we may assume that n > 3 (as observed in the introduction, if n = 3, then |I(G, H)| = 1 or |I(G, H)| = 3) and so we may further assume that x 1 , x 2 and x 3 satisfy 1 = x 3 = x 2 −1 x 1 . Fix h ∈ H, h = 1. Consider S = {1, x 1 , x 2 , hx 3 , x 4 , · · · , x r−1 }. Let • be the induced right quasigroup structure on S (see the introduction). Suppose that S = G. Then by Corollary 2.2, S is a subgroup of G. So x −1 2 x 1 = x 3 ∈ S. This is a contradiction for x 3 / ∈ S. Thus S = G. Now consider T = {1, hx 1 , hx 2 , hx 3 , hx 4 , · · · , hx n−1 }. Since (hx 2 ) −1 (hx 1 ) =
2). Thus T ∼ = S (for |I(G, H)| = 2 and N ∈ T (G, H)). Since N is invariant under Aut H G, there does not exist any f ∈ Aut H G which take S to T . This is a contradiction (Proposition 2.4).
, where m and n are the order and the index of H in G respectively.
Proof. Suppose that |A| ≥ m n−1 2
. By Proposition 3.3, G is a non-abelian simple group. Since S = G, by Proposition 2.1, G ∼ = G S S ⊆ Sym(S \{1})S and hence |G| < n!. Since a non-abelian simple group has order at least 60, n ≥ 5. By Proposition 2.4, Aut H G acts transitively on A. So,
We show that
If n ∈ {5, 6, 7, . . . , 10}, then the fact that |G| ≥ 60 implies that
.m 2 > 2 n−4 m 2 . Now an easy induction shows that 2 n−4 2 > n, that is 2 n−4 > n 2 for all n ≥ 11 (note that 2
) and n ≥ 11). Thus for each possible value of n, we see that Lal and Shukla, 1996, Lemma 3.4) ,
> |AutG|. By ( * ), this is a contradiction.
Proof. If A = φ, there is nothing to prove. So assume that A = φ. Let A 1 = {L ∈ T (G, H)|H L = H}. Then A 1 = φ (Proposition 2.1). Further, we observe that no member of A is isomorphic to a member of A 1 . Thus by Corollary 2.2, A and A 1 are precisely the two distinct isomorphism classes in T (G, H). Let S ∈ A. Suppose that S = {1, x 1 , x 2 , x 3 , . . . , x n−1 }. Since H S = {1}, S is a subgroup of G. As argued in the proof of Proposition 3.3, n > 3 and S ′ = {1, x 1 , x 2 , hx 3 , . . . , x n−1 } generates G, where h ∈ H, h = 1. Thus S ′ ∈ A 1 and so S → S ′ defines a map from A to A 1 which is obviously one-one. Now by Proposition 3.4, |A| ≤ |A 1 | < m n−1 2 .
Proof of the Theorem :
Let (G, H) be a minimal counter example. Let A 1 and A 2 be two isomorphism classes in T (G, H). Assume that S = G, that is H S = H for all S ∈ T (G, H). Then by Proposition 3.4, m n−1 = |T (G, H)| = |A 1 | + |A 2 | < m n−1 2 + m n−1 2 = m n−1 . This is a contradiction. Assume that there is S ∈ T (G, H), such that S = G. Then by Corollary 2.2, H S = {1}. We may assume that S ∈ A 1 . So, for each T ∈ A 2 , T = G, that is H T = H (Corollary 2.2). Therefore by Propositions 3.4 and 3.5, m n−1 = |T (G, H)| = |A 1 | + |A 2 | < m n−1 2 + m n−1 2 = m n−1 . This is again a contradiction. This completes the proof.
